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Blow-up behaviour of a fractional Adams-Moser-Trudinger type 

inequality in odd dimension 

Ali Maalaoui, Luca Martinazzi* * Armin Schikorra^ 


Abstract 

Given a smoothly bounded domain Slgl" with n > 1 odd, we study the blow-up of 
bounded sequences (uk) C Hq Q (Q,) of solutions to the non-local equation 

(-Apufc = A kUke^ in H, 

where A& — t Aoo £ [0,oo), and iT 0 2 0 (f2) denotes the Lions-Magenes spaces of functions u £ 
L 2 (BA) which are supported in SI and with (-A)?« £ L 2 (R n ). Extending previous works 
of Druet, Robert-Struwe and the second author, we show that if the sequence ( Uk ) is not 
bounded in L°°(fi), a suitably rescaled subsequence r/k converges to the function 770 (x) = 
log ^ 1+ f .| 2 ), which solves the prescribed non-local Q-curvature equation 

(—A)ttj= (n-l)\e nri ini’* 

recently studied by Da Lio-Martinazzi-Riviere when n = 1, Jin-Maalaoui-Martinazzi-Xiong 
when n = 3, and Hyder when n > 5 is odd. We infer that blow-up can occur only if 
A := limsupfc^ || {-A)%u k || 2 2 > Ai := (n - l)!|-S ln |. 


1 Introduction 

n 

In this paper we study some compactness properties of the embedding of IL 0 2 0 (U) into Orlicz 
spaces, where U is a smoothly bounded domain in BA. In order to introduce the relevant 
function spaces we start by recalling various definitions of fractional Laplacians. 

Let <S(BA) denote Schwarz space of smooth and rapidly decreasing functions on BA. For a 
function u £ 5(BA) and for s € (0, 00 ), we define 

(-A)f«:= (| • | 2 ^ A ) V . 


Here the Fourier transform is defined via 

= .Fu(0 := . \ n/2 f e~ lx< u{x)dx. 

(27r) n / 2 J R n 

and u w is its inverse. 

For s £ (0, 2) one can also prove (see e.g. |T2j) that for a certain constant c H)S £ 

/ * \ ni/ / u(x + h)-u(x) 

(-A )2 u(x) = c n , s P.V. -TTV-T-- dh. 


\h\ 


n+s 
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In order to define the operator (— A) s on a space larger than the Schwarz space, set for s > 0 


L,( ®") := L e LL(R”) : f . lf>L * < ooj . 

L Ji" 1 ■+- \x\ ) 

Then for u G L s (M n ) we can define (—A) s u as a tempered distribution as follows: 

((—A)5 u,ip) := f u(—A)2pdx, for ip G <S(R n ). 

J R" 


( 1 ) 


This is due to the fact that for G <S(R n ) one has (1 + |x| n+s )|(—A)z( / j(x)| < C for a constant 
depending on but not on x, see [18, Proposition 2.2] and [51] . 

We can now define the space 

H s (R n ) := {u G L 2 (R n ) : (-A)§u 6 L 2 (R n )}, 


endowed with the norm 


ll^llff s (R”) IMli 2 (R") + IK 2 ' u IIl 2 (R' i )> 

where with the expression (—A )*u G T 2 (R n ) we mean that the tempered distribution (—A )^u 
can be represented by a square-summable function. 

Given a bounded set fi <s= R n we also define its subspace 


H° 0 {n) := {u G tf s (R n ) : u = 0 on fT}. 

n 

In particular we will consider the space A'(fl) := Hq 0 (Q) for n is odd, endowed with the norm 

Hull 2 , := ||(— A)?u||i w = / irKOI 2 ^- 

J R" 


The norms || • ||x and || ■ are equivalent on by a Poincare-type inequality. The 

space Hq Q (Q) is also known as Lions-Magenes space, and is sometimes denoted by H s (£l), or 
even L s 0 ’ (fi). 

We recall the following fractional version of the Adams-Moser-Trudinger inequality, see [22] 
Theorem 1]: 


Theorem 1.1. For any integer n > 0 there exists a constant C n > 0 such that for every open 
set fl C R n with finite volume |fl| one has 


sup f ea u2 dx < 

ueX(fi),||u||J.<Ai Jn 


(2) 


where A\ := (n — l)!|5 n |. 

When n = 2 the above theorem is a special case of the Moser-Trudinger inequality [53], and 
when n > 2 is even it is a special case of Adams’ inequality [I]. 

In this paper we want to study the blow-up behavior of extremals of ([2]), i.e. weak solutions 
u G A(n) of the Euler-Lagrange equation 

(—A )zu = Aue 2 “ 2 , for some AgK, (3) 


which can be intended in the following sense: 
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Definition 1.2. Given f £ L 2 {Ul), a function with u £ X(II) + R (i.e. u + c £ X(fl) for some 
c £ RJ is a weak solution to 

(—A) 2 u = f in fl (4) 


if 


/ 

J«. r 


(—A) 4 u (—A) 4 tpdx = / fpdx, Vtp £ X(H). 


(5) 


Remark 1.3. It follows from Theorem \1.1\ that for u £ A(fl) one /ias e“ 2 £ L P (IX) for every 
p £ [l,oo) (see also Theorem 9.1]). In particular the right-hand side of ([3]) belongs to 
L P (H) for p £ [1, oo). 


The Lagrange multiplier A in Q can be computed by testing the equation with ip = u (in 
the spirit of (|5|l). This leads to 


||(-A)4m||| 2(R71 ) = X J^u 2 e> 2 dx, (6) 

whence A > 0, unless u = 0. 

We are interested in the study of the blowing-up behavior of a sequence of continuous 
solution to the following problem : 

f (—A)i u k = X k u k e% u * in H 

1 u k £ A(O) 1 J 


where \ k > 0. 

Remark 1.4. It follows from Remark 1 1. ,71 from the estimates in 115) and bootstrapping, that 

u — 1 _ 

every solution u to © belongs to C^~ ,a (H) D C°°( f2) for some a £ (0,1), and in fact the 
function d~^u : Q —> R, where d is the distance function from dll, can be extended to a 
function in C°°(£l). In particular, sup QU k £ R. 

The main result of this paper can be stated as follows : 

Theorem 1.5. Consider a bounded sequence (tqJfceN C X(Sl) of solutions to (?p. Set m k := 
supq |nfc| and 

A := lirnsup ||ttfc ||\ < oo. 
k —^oo 

Up to possibly replacing u k with —u k we can assume that m k = sup ^u k for every k. Assume 
also that 0 < X k < X for some A < oo and that X k —> Aqq as k —>• oo. Then up to extracting a 
subsequence one of the following holds: 


(i) lirn^oc rn k < oo and u k converges to Uoo 
Uqo £ C*c(n) LI C^~ (fi) n X(fl) solves 


in Cf oc (Q) fl C 2 (Q) for any l £ N and 


\ — — -j/2 

( A) ^ ^OO — ^Oo'U'OO^ ^ 00 ^• 

(ii) Hindoo m k = oo, A > Ai, with Ai as in Theorem U.R and setting r k such that 

X k mle^<rl = 2 n {n-l)\, 

and 

9k{x) ■■= m k (u k (x k + r k x) - m k ), p 0 (x) := log 
one has p k + log 2 — > po in C^ oc (R n ) for every I > 0. 



( 8 ) 

(9) 
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Since Theorem PI was proven in m, m , m and m when n is even, we shall only 
consider the remaining case n odd. In some proofs we will focus on the case n > 3, but simple 
modifications make every argument work for the case n = 1. In fact the case n = 1 is a slightly 
simpler, since comparison principles and in particular the Harnack inequality are available. 

The general strategy of the proof is similar to the one in the even-dimensional case, but 
some new difficulties arise due to the nonlocal nature of the operator (—A) 2 , as we shall now 
describe. 

One would like to shows that in case of blow-up (Case (ii) in Theorem 11.511 the functions % 
converge to a function 770 £ L n (R n ) solving 

(—A) 2 r/o = (n — l)!e m?0 in R", V := f e nrio dx < 00 , (10) 

J R" 

and then prove that, among all solutions to (fTOl) . 770 has the special form given by fQ7|) . 

The first problem is that the local convergence of rjk to a function 770 rests on local gradient 
bounds for 77 *. not depending on k (when n = 1, 2 such bound are not necessary, thanks to the 
Harnack inequality). This is the content of Propositions 12.41 and 12.51 one of the crucial parts of 
the paper. In particular we will show that for s < n, 

[ \uk(-A)*Uk\ dx < Cp n ~ s , for B Wp (x 0 ) C fi. (11) 

J B p (x 0 ) 

In the previous work [21] an analogous estimate was obtained by noticing that (—A) 2 (u\) 
is uniformly bounded in L 1 (H) when n is even. Unfortunately this was based on an explicit 
expansion of (—A) 2 (tt|) as sum of partial derivatives of Uk, which is of course not possible when 
n is odd. Here instead we reduce (fTT!) to a the bound 

l|wfc(-A)2u fc || i (fi, oo) ^ a; o)) ^ 

which will be proven writing «*.(— A)zuk in terms of the Riesz potential. The formal heuristic 
argument goes as follows. Write formally 

z a n 

ttfc( A) 2 Uk — Uklji—sy A) 2 Uk 

=: (In(-A)^u k )I n - s (6(-A)^u k ) + I n - S (u k (-A)%u k ) + E (12) 

= : A + B + E, 

where 9 £ C^ D (B 2 P (xo)) is a cut-off functions, It denotes the Riesz potential, and E is an error 
term, which can be bounded using a commutator-type estimate. Then one has to bound the 
term A in L^ ,00 \B p (x 0 )) using that (—A) 4 Uk is bounded in L 2 (W l ), while (—A) 2 Uk is bounded 
in L log 2 L(Q). These are borderline estimates, for instance because fails to send L 2 into L°° . 
Using elementary tricks we are able to circumvent this problem, obtaining Propositions 13.11 and 
13.21 In order to bound B one uses the PDE, and in particular that Uk{—A)^Uk is bounded in 
L 1 (H). Finally, to move from the formal argument to a rigorous one, and in particular to replace 
the first identity in (1121) with a correct identity, we have to approximate Uk with functions in 
C^° (M n ). The necessary technical results are contained in Section 0 and the appendix. 

The second problem, still related to the non-local nature of (—A) 2 , is that uniform estimates 
on the derivatives of the blown-up functions % do indeed guarantee that 77 *. —> 770 in C^ oc (R n ) 
(up to the additive constant log 2 which we shall now ignore) for I < n — 1 , but why should the 
convergence 

(—A )^rjk —> (—A) 2 t 7 q in ^^K") as k —> 00 (13) 
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hold? Indeed (fT51) means that 

f n f n 

lim / r]k (—A) 2 pdx —> / 770 (—A) 2 pdx for every ip G 5 (M n ), ( 14 ) 

fc->00 Jgn JR™ 

and since even for (p € C“(R n ) we have that (—A) 2 < 7 ? is not compactly supported, the local 
convergence of % is not sufficient to guarantee CHD- A priori it is not to be ruled out that while 
Vk —> Vo very nicely in a compact set, “at infinity” % has a wild behaviour. To rule this out we 
shall prove uniform bounds of 77 ^ in L s (W l ) for any s > 0, which is the content of Proposition 
m Here we critically use that % is uniformly upper bounded by construction, and the local 
bounds on the derivatives of 

At this point it will be easy to conclude that rjk locally converges to a function 770 £ L n (R n ) 
solving m- Now we are faced with the problem of determining 770 - Indeed, similarly to what 
was shown in [5j, also in odd dimension 3 or higher, Problem (11011 has many solutions, as shown 
in [I2j (when n = 3) and [TTj (for any n > 3 odd). Here we are able to use the following recent 
result of Ali Hyder, together with the previous bounds to show that among all solutions of (HOD 
actually 770 is a special one, precisely the one given in Q. 

Theorem 1.6 (A. Hyder [18]). Let 770 € L n (W n ) solve (fTOl) . Then rjo can be decomposed as 
770 = v + P, where P is a polynomial of degree at most n — 1, and v(x) = — alog(|x|) + o(log |x|) 
as |x| —> 00 . Moreover P is constant if and only if 

2A 

77 o(x) = log 9 - for some A > 0, x 0 € R n . (15) 

1 + A z \x — Xo\ 

Indeed, if 770 is not of the form (1151) . then 770 at infinity behaves like a logarithm plus a 
polynomial, only the former belonging to L s (M n ) for s small. This is in contradiction to the 
fact that 770 £ L s (M n ) for every s > 0. This argument is different from the one used in the even 
dimensional case, first introduced in m and then also applied in [ 21 ] and other works. 

In the case n = 1 Theorem Ol is not necessary because Da Lio-Martinazzi-Riviere [ ID] 
proved that every function 770 £ Ti(M) solving (11011 for n = 1 has necessarily the form (11511 . 

It has to be mentioned that in even dimension the analog of Theorem II.51 was complemented 
in m, m and [33] by a quantization result, saying that in case of blow-up 

A = / |V 2 Uoo| 2 cfa; + LA\ for an integer L > 0. 

J n 

In other words the energy loss in the weak limit is an integer multiple of the fixed quantity 
Ai. Although it is natural to expect this to hold true also in our non-local case, we remark 
that in the local case the proofs make abundant use of ODE techniques, which are not available 
when dealing with fractional Laplacians. On the other hand in the case of half-harmonic maps, 
precise energy quantization was obtained in [ 7 ]. 


Notation 


The space C a (Ll) = C'“°’"(D), for a = ao + a with a £ (0,1], «o £ 
times differentiable functions with aoth derivative Holder continous of 
semi-norm 


[/]c“(f2) 


|V Q °/(x) - V a °/(7/)| 
\ x - V |“ 


No, is the space of a 0 - 
order a. We define the 


and the norm 


ll/llc“(fi) 




k =0 
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2 Proof of Theorem If .5 


Proposition 2.1. If sup fc rn k < C then up to a subsequence Uk —> Uqq in Cf oc (Q) n C 2 (0) 
for every I > 0, where u Q0 solves (ED- 

Proof. This follows from Lemma lA.61 from the estimates in [15] (compare also to [27]). and the 
theorem of Arzela-Ascoli. □ 


We shall now assume that, up to a subsequence, m k —> 00 as k —> 00 and we consider x*. G 
so that 


m k = supufc = u k {x k ) —>• 00 as k —> 00 . 

a 


(16) 


2.1 Rescaling and Convergence 

Lemma 2.2. Let r k and x k be defined by © and (fT6l) respectively. Then we have 

dist(x fc ,<9 fl) 

inn - = +00 

k—> 00 rjz 


Proof. For the sake of contradiction, we assume that 

, dist(xfc,dn) 

lim - 

k—foo Tk 


Let us assume that 


dist(xfc, dLl) 

0 < lim -- < oo. 

k —^-oo Vk 


(17) 


If the above limit vanishes then the argument is similar. We set Q k = { r k (x — x k )\x £ Ll}. 
Then 

u k (r k x + x k ) 
v k {x) := - 


m k 


satisfies 


Notice that, 


v k G Jf(O^). 


in Lli 


(18) 


-Ap'vfc|| l 2 ( m-) = {m k ) 1 ||(-A)4ri fc || I/2(R n ) 0. 


k —^OO 


Then by the Sobolev embedding, Proposition IA.3I using also (1441) . the boundedness of the Riesz 

1 n 

transform, and that (—A) 2 = /«_i(—A) 4, 


||Vffc||in(Rn) — C||77( — A) 2 Ufc||£,n( R n) A ||( — A) 2 Vfe||L«(]R«) 

_i (—I 4 Vh II t nran.\ <. O'lll — 1\ ) 4 Vh II r2 ran\ 


(19) 


^) 4U fc||L™(R 11 ) < C||( —A) 4 t)fc|| L 2( Rra ) -> 0. 

On the other hand, by (1171) there exists some R > 0 so that B4 ^(0) C Ll k for all k G N. Then 

II (—A) 2 ffc|| L oo( B3J? ( 0 )) —— > 0. 

This implies that for any a G (0,n), Lemma lA.61 

bc]c«0B 2H (0)) < C'- 
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So recalling that \vk\ < 1, by Arzela-Ascoli (up to a subsequence) we have that v k — > v in 
C n ~ l {Bft) for some v. Since at the same time Vv k — > 0 in L n (R n ) and v k (0) = 1, we know that 
v = 1 in Br. 

On the other hand, take R\ > R so that Br± (0) n dQ k ^ 0 for all but possibly finitely many 

2 

k E N. Using (1TT71) . and noticing that v k = 0 on a fixed part of positive measure of B Rl , we 
know that v k —> 0 in L n (Bft 1 ( 0)), hence v = 0 in Br. This contradicts v = 1. □ 

Lemma 2.3. Let m k be as in (1161) . Then we have 

u k (x k + i"kx) — mk —> 0 in C' 1 ™“ 1 (R n ) as k —> oo. (20) 

Proof. Let u k '■= Uk(x k + r k x). Then u k E C® (R n ) D X(Q k ) and 


sup \u k (x)\ = u k { 0) = m k E [0, oo). 


As above by Sobolev embedding, u k G WQ ,n (Ll k ) 

limsup ||V%||£n(Rn) < Climsup||(-A)?{t fc || L 2 ( R n) 

k —^oo k—> oo 

= C limsup ||(-A)Su fc || L 2 (R n) 

k —^oo 

< C( A). 

and from m, dsn and (1441) below for k large enough we get 


n 

||(-A)2U fc || L n (R n ) = \\!ZilZi( — A)2{tfc||^n( R n) 

i =1 

n 

< C ||^-j( — A) 

i =1 


< C'||VUfc||£ / n( R n) 

< c( A). 


( 21 ) 


Notice that 

n C 

|(-A)2{i fc | <— in rife. 
m k 

Finally, by Lemma 12.21 for any ip G C'^°(R 3 ), for all sufficiently large k depending on the size of 
the support of ip, 


j 

J R’ 


(—A) 4 u k (—A) 4 ip dx 


< C 


— [ M 

IXlk J R3 


dx. 


( 22 ) 


Let ^fe := (—A)afife, bounded in L n (R n ), according to (1211) . There is a weakly convergent 
subsequence g k —*■ 5 in L n (R n ). Moreover, we have for any (/? G C£°(R n ), by (1221) 


/ 


n — 1 

(—A) 2 pdx = lim 

k—t OO 


/ A \ n ~ J 

5fc(-A) 2 


ipdx = lim 

> OO 


(—A) 4 hfe (—A) 4 


Ti - 1 

Consequently, 5 G C'°°(R n ) D L n (R n ), and pointwise (—A )^“g = 0. This implies that g = 0. 
Indeed by elliptic estimates (see e.g. [2H Proposition 4]) and Holder’s inequality it follows that 


I|0||l°°(Bi) < C'I|5 , IIli(b 2 ) - C\\g\\L™(B 2 ), 
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which scaled gives 

llsll l°°(b r )<CR 1 \\g\\L n (B 2 R) 0 as i? —>■ oo. 

So we have obtained, that (—A )^u k —*■ 0 in L n (M n ). Then, using (l44|) and (1451) we also have 

Vu k = K(-A)h k ->• 0 in L n (M n ). 

Since u k is uniformly bounded in H^(R n ), since n > 3, we also have strong convergence in 
W& 2 (R"). In particular up to choosing a subsequence, for any R > 1, 

Vfifc ->• 0 in L 2 (Br). (23) 

On the other hand, observe the following: For any i? > 1, for all large k G N, we have B 2 R C fi*,. 
From (1221) . Lemma I A. 61 we obtain 


||VUfc||c'n-2,a( Bi{ ) < C 

for a uniform constant C and a G (0,1). 

Since u k { 0) = m k , we have 

ll^fc - fn k \\ L ^{B R ) < ||V« fc || L co (flfl ) < C, 

and consequently we have shown that 

|| U k — f7lfc||(;n-l,Q!( Bj j) < C 

Now Arzela-Ascoli gives (up to a further subsequence) C ?l_1 (i?/j)-convergence of u k — m k , and 
using (1231) we have that u k —m k —> 0 in C' n_1 (£? B ). Since R is arbitrary the proof is complete. □ 


2.2 Gradient-type estimates 

Note that from Q 

limsup ||u fc (—A) 2'u fc || i i(Q) < A. 

k —^00 

Moreover, as in mi Proof of Lemma 5], we know that for the Orlicz space Llog 2 L(fl), 

limsup || (—A) 2 u k || 1 , <C(A,Ll). 

fc^oo IK Llog *L(n)“ V ' 

We will now need the following crucial estimate applied to u = u k and p = Rr k for a given 
R> 0 and k so large that Bio p (x k ) C (compare to Lemma 12.21) . 

Proposition 2.4. Let Ll be a smoothly bounded domain, and consider u G X(fX) such that 

TL 1 

(—A )?u = f weakly in for some f G Llog 2 L(tl) n Assume moreover that 

ll«/llz. 1 (n) + H/lliiogiifn) + IK~^) 4u \\L 2 {R n ) < Ci. (24) 

Then for a constant depending C 2 depending only on C\ and s G (0, n) we have 

sup p s ~ n f |u(—A) 2 u| dx < C 2 

B4 p (x 0 )cfl Jb p (x 0 ) 




Proof. We will use the Lorentz spaces L^ p ' q \ for which we refer the reader to the appendix. 
Using the Holder-type inequality (see [25]) 

\\9 h h^n) < IMI L (i£;,i) (n) IHIz,(?.») ( n)> 

we get (for B p = B p (x o), to simplify the notation) 


P- u J b W-A)i»|<ta<p*-"||xB,|l i ( si5 . 1 , w) IW-A)i»|| l(f . 

= c IM- A )Ml L (?,~)( Bp) > 




so that it remains to show the bound 


sup \\u(-A)2u\\ L ^, ao)(Bp) <C 2 . 

B^p CO 

For s > 0 we denote with u £ € Cf°(R n ) the usual mollification. 

Consider now a cut-off function Ob-i G C°°(B 2 ), 9b 1 = 1 in B\ and 0 < 9b 1 < 1 everywhere. 
Set 6b 2p := 9b 1 (-/2p) 6 C^°(H 4 p ). Then since u £ £ C'“(M n ) we have for s € (0, n) pointwise in 
B p : 

|u(-A)fu £ | =\uI n . s (-A)^u £ \ 

<\uI n - s (9 B2p (-A)^u £ )\ + |u/„_ s ((l - 9 B2p )(-A)%u £ )\ 
<\uI n - s (9 B2p (-A)^u £ )\ 

+ |u/ n _ a ((l - 9 B2p )(-A)%u £ ) - I n - S (u{ 1 - 6» B2p )(-A)^u £ )| 

+ |/ n _ s (u(-A)?u e )| 

= :/ + II + III. 


By Proposition 13.11 and Proposition 13.21 using that u = /«(—A)4 u we infer 

ll / ll i (?.<»)(Rn) -< ll(-A)?u|| i2 ( R n)||(- A )fu £ || Liog l i(i34p) . (25) 

From the disjoint-support commutator estimate, see Proposition 13.41 we have 

W H \\l^^\b p ) H(- A )Hll2( R n). (26) 

Since the support of u is contained in Q, by the Sobolev inequality 

\\III \\ L (^ l00 )( R „) -< \\ u (-A)2u £ \\ L i(ty (27) 

Combining the estimates 071) , (1251) , (1261) we arrive at 

H~ a )M l L (f,-) (Bp) -< ||«(- A )^ £ || L1 ( n ) + ||(- A )?u|| i2(R „ ) ||(- A )fu £ || Liog i i(i34p) 

+ ll(~ A ) 4 ' u IIl 2 (R") 

G1 

< M-A)*» e || I . (n) + C, IK-AJiu'l^^j^ + tCO . 


It remains to take e —>• 0, but some care is needed, since (—A) 2 u is in general not a function, 
but a distribution. 
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Firstly, since B^ p C ft, for e < p we have that 

(-A)fn £ = ((-A)?n) £ in B 4p . 

In particular, for e < p 


(-A )2 u £ 


-klogS L{B ip ) 


-< II(—A) 2 ti|| 1 < ||(—A) 2 u\\ 1 <Ci. 


TlogS L(B ip ) 


L logs L(f2) 


For the remaining term ||u(—A) 2 we need to argue as follows. Firstly, since u e is the 

usual mollification, we have 

||(-A)fu £ || L2(R .) < £ -f ||(-A)?u|| i2(K n ) (28) 

Moreover, since fl is smooth and bounded and u G X(fl), the results by [Kj, see also [23 
Theorem 1.2], using that 

||(-A)t u || LOO(n) = : C 3 < 00 , 
then if we set fl_ e := {x G Q : dist(x, Ml) > £} 

11 11 — n 

IMI.L°°(fi\n_ 6 ) < £ 2 F 3 . 

In particular with (1281) we have 

||u(-A)fu £ || L i (a) < ||u(-A)?u £ || L i (n _ e) + |fi\n- e |^||(-A)?«|| £ ,2 (R n ) 

= \\u(-A)%u'- !| L i(n_ e ) + o(l) as e —^ 0. 

Now note again that 

(—A)a u £ = ((—A)z u) e pointwise in I 2 _ e . 

Consequently, 

||u(-A)tu £ || L i (a) < ||u((-A)t u ) £ || il(n _ e) +o(l) ||u (-A)tu|| L i (n) . 

This concludes the proof of Lemma 12.41 □ 

2.3 Convergence of rj k 

Let r] k be as in ([9]). From Proposition 12.41 we now infer: 

Proposition 2.5. For every s G (0, n) there exists C > 0 such that for every R > 0 and k large 
enough (depending on R and s) we have 

[ \{-A)ir] k \dx < CR n ~ s . (29) 

Jb r 

Proof. According to Lemma 12.31 we have 

m k < 2 u k on Bn rk (x k ) for k large enough, 

hence with Proposition [274] applied with u = u k and p = Rr k we obtain (note that (—A) 2 (m\) = 
0 ) 


[ |(-A) 2 r ?fc | dx = ^j f \(-A)2u k \dx 

JB r r k J B Rrk (xk) 

/ \u k (-A)2u k \da 

dB( xu l ) 


k ^ B Rrk [xp) 

2 

< 

V k .1 B ; irfc (x k ) 

< CR n ~ s , 


as claimed. 


□ 
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Proposition 2.6. For every Br C M n and any a £ [0,1) there exists a constant C BiCt so that 

11 % 11 C n ~ 1 + a (Br) - C R,a- 

for k large enough. 

Proof. We have that |(—A)^^ < C(R) in Br, in the sense that 


/ 

JR' 


(—A) 4 %(—A) 4 ipdx 
This can be rewritten as 


/ (—A)^ fc (—A) 

JR n 


<CMl HB r) , for <p£C?{B R ). 


<C'|M| L i (Bij) , for <P€C?(B R ), 


(30) 


which means that the function '■= (—^) 2r ]k satisfies 

Th - 1 

|(-A)~'0 fe | < C R in Br 

Th - 1 

in the sense of distributions (notice that (—A)^~” is an integer power of —A since n is odd). 
This, together with the estimate 


•71 — 1 


II MlBb r )<CR 

given by Proposition 12.51 and standard elliptic estimates (see e.g. Proposition 4 and Lemma 20 
in |20j) implies that 

||^ fc || a «- 2 ,a (Bfl/2 ) < C R}Q for 0 < a < 1, 
as claimed. Together with Harnack’s inequality (see m) we get 


lo—i>«(S H/4 ) < C R,a for 0 < a < 1, 

and replacing R with 4 R we conclude. □ 

Proposition 2.7. The sequence (rjk) is uniformly bounded in L s (M . n ) for any s > 0. 

Proof. Since by Proposition 12.61 the sequence (rjk) is bounded in L°°(B i), it is easy to see that 
boundedness of (rjk) in L s (M n ) for some s > 0 implies boundedness in L s i(W l ) for every s' > s. 
Therefore without loss of generality we can assume that s < 1. We then have 


(—A) 2 rj k (x) = C UjS [ 
J R’ 


Vk(y) + Vk(x) 

\x — y\ n + s 

Consequently, for an arbitrary ip £ Cf°(B i) using (1291) 


dy. 


(31) 


c'II < pIIl-(bi) > 


' Bi 


(—A)zry fc ipdx 


(EH 

> 


Vk(x) - vk(y) 


|n+s 


dy f(x) dx 


j Bi Jb 2 \ x - y r 

+ / / - ;——dy rju(x) ip(x) dx 

JbJbi I x-y\ n +° lky ’ 

+ f f -Vk(y ) 

Jb, Jb 1 , 


R i ^ b 2 
= : I+ 11 +III. 


X — y\ n + s 


dy f(x) dx 
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Since by Proposition 12.61 


\Vk(x) - i)k(y)\ -< \x ~ y\ Vx,y € B 2 , 

we have that 

\I\~< f \<p(x)\ f \x — y\~ n+1 ~ s dy dx ~< ||<^||i. 

J B\ 1 a;—2/| <3 

Since we also have \rjk(x)\ < C for all x £ B 2 , 

\H\~< [ \v(x)\ [ \x - y\~ n ~ s dy dx P H|i. 

J B\ J\x—y\>l 

Finally, since —rjk(y) = \ r lk(y)\, we arrive at 

[ ( | dy <p{x) dx < C, 

J Bl Jb % \x - y\ n+s J ~ 

for a constant depending on ip and s, but independent of k. Taking ip(x) to be non-negative 
and so that ip = 1 on B\i 2 , we arrive at 


\Vk{y)\ 

In+s 


J\y\>2 1 + . 

Since again by Proposition 12.61 for a C uniform in k, 

f \m(y)\ 


dy < C. 


' |y|<2 1 + \y\ U+S 


dy < C. 


we have shown that 

SUP ||%||L a (Mn) < C. 

k£ N 

□ 

Proposition 2.8. Up to a subsequence, rjk + log2 —> = log( i + ].p ) C] oc (IP n ) for every 

t > 0, and 

lim lim [ \ku\e^ Uk dx = (n — 1 )! [ e nr]0 dx = A\. (32) 

R-+00k^00j BRrk(xk) J R n 

Proof. Let tjq be the pointwise limit of 77 *. +log 2, which exists up to a subsequence, by Proposi¬ 
tion [276] and Arzela-Ascoli’s theorem. In fact the limit is in Cf oc (R n ) for every £ > 0 since with 
Proposition 12.71 one can bootstrap regularity for the operator (—A) 2 , see e.g. [191 Corollary 
24]. It follows from Proposition 12.71 that 

r/o € L s ( R n ) for every s > 0. (33) 

We then have 

lim [ e n ^ k+log2) ipdx = [ e nr, °ipdx for every ip G C"?°(M n ). 

fe->-00 J R n J R n 

We will show that moreover 

r n r n 

lim / r]k (—A)z ipdx = / r]o(—A)^ipdx for every p G C“(M n ). (34) 

k -> 00 J R n J R n 
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Then r/o satisfies (—A) 2"770 = (n — l)!e m?0 as a distribution, and in fact also as tempered 
distribution. Then from to Theorem fTTHl we infer that r/n = v+P where |u| < C'(l+log(l + |-|)) € 
L s (M. n ) for every s > 0, and P is polynomial bounded from above. It is easy to see that 

if P is not constant, then P L s (R ri ) for any s > 0, which contadicts ([33]) . Therefore P 

is constant and rjo is as in (fT5l) . It remains to determine A and xq in (fl5l) . but this is easy 

since rj k { 0) = 0 = rriaxRn r) k . so that 770 ( 0 ) = log 2 = rriaxRn r/o, i.e. xq = 0, A = 1 and 

Vo{%) = log I 4 ^p- 

In order to obtain (I34[) . Assume that for some R > 0, suppy? C Br and let 0 > 1. Then, 


J 7/o(-A )*ipdx 


7 lk( — A.) 2 <pdx = / (? 7 o(-A) 2 ¥ 5 - T] k (-A)z <p)dx 

J Bqr 

r 

+ (%(-A)^ - rj k (~A)%ip)dx 

JMP\B B r 

= :/ + //. 


Notice that by the disjoint support ip, see Lemma [3751 

M*)l + \Vk{x)\ 


\n\ -< IMUlro / 

J K’ 

R IMIllro o s n [ 

Jm 


dx 

. _ \rr\2n 

\B eR \ x \ 

\Vo{x)\ + \Vk{x)\ 


dx 


'\b„ r 1 + 1*1"+' 

and the uniform bound of 7/0 and r) k in L s ( R n ) implies that 

|//| r r~ n , 

for a constant independent of k. On the other hand, 770 — 77 ^ — > 0 uniformly in Bqr, which 
implies that lim^oo 1 = 0. Consequently, 


r n f n 

/ rj 0 (-A)%pdx - / rj k (-A )*<pdx 


lim 

k—yoo 


for any 6 > 1, and letting 6 —> 00 we conclude the proof of 

Finally, using Lemma 12.31 and the definition of r k , we obtain 


R 6 s 


>b r 

-J 

Jb r 

= T{n- 


[ A k u 2 k e>ldx = [ r^\ k ul{r k -)e^e^ Uk ^- m ^e n71k dx 

•' B Rr k (x k ) J Br 

r k X k m k (l + o{l))e^ m2 e°^e n ^dx 

l (n — 1)! [ (1 + o(l))e nr,k dx 
JB r 

= (n — 1)! f e nr>0 dx + o( 1) 

Jb r 

with o(l) —> 0 as k —> 00 . Now letting also R —> 00 and noticing that 

[ e nrio dx = |S n |, 
it" 

we infer 


□ 
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3 Borderline and commutator estimates 

We have the following two borderline estimates: 

Proposition 3.1. Let g e L 2 (R n ), / e Llog 1/2 L(R") ; s € (0,n). Then 

\\In-s(fI^g)\\^,oo) -< II5IIL 2 11/ Hi log 1 / 2 i 
Proof. By Fubini’s theorem and Proposition IA.41 



IN /*l/IIUi 


<IIsIIl 2 II^I/IIIl 2 


^ lbllL 2 ll/ll L (i og i/2 L ) 


so that by Proposition IA.31 


In-sU /^(5))ll(|,oo) -< 11/ I^g\\p -< II^IIl 2 ll/ll iflog 1 / 2 L) 


□ 


Proposition 3.2. Let g € L 2 (R n ), / G L log 1/2 L(R n ), s € (0,n). Then 


I^gln-sf 11(2,00) R IIhIIl 2 11/ Hi log 1 / 2 L 


Proof. We write 



I%gl n -sf(x)= / k(x,y,z)g(z)f(y)dzdy, k(x,y,z):=- --- 

ii" JM. n \x — z\ 2 \x — y\ s 

For e G (0, s) we can now bound (cf. [30 ] ) 

k(x,y,z) < \x - z\~ 2 ~ £ \ x - yf~ s + C\y — z\~^\x — y\~ s =: II + III. 


Indeed if \y — z\ > 2|x — z |, then \x — z\ < \x — y\ (by the triangular inequality), hence I < II. 
if I y — z | < 2|x — z |, then / < C III. Therefore we have 



The first term on the right-hand side can be bounded as 



while the second term can be bounded by Proposition 13.11 


□ 
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3.1 Disjoint-support estimates 

When supp <p C K for a compact set K then in general we have no information on the support 
of (—A) 2 <p, since (—A) 2 is a non-local operator. In particular (— A)zp(x) 0 also for x far 
away from K. However, there is a decay of |(—A) 2p(x)\ as dist(x,lt') —> 00 . We shall call this 
pseudo-local behavior of (—A) 2 . It has been used allover the literature, for statements in the 
following form see [4]. 

Definition 3.3 (Cut-off functions). With 9 Bl we will denote a fixed smooth function 9 Bl G 
C^°(B 2 ) with 9 b 1 = 1 in B\ and 0 < 9b 1 < 1 everywhere. Define 

e Bp (x) := e Bl (x/p) g c™(B 2p ), e Ap ■.= e Bp - e Bp g c™(b 2p \ b,). 

In the proof of Proposition 12.41 we used the following “disjoint-support” commutator esti¬ 
mate. Compared to the usual commutator estimates [61 [29] the estimates here are simpler, due 
to the disjoint support. Note that going through the proof, one may obtain a BMO-estimate, 
which is false for the commutator without disjoint support, see m- 

Proposition 3.4. Define the commutator [u,It](v) := ufiv — Ifiuv). Then for any u, v € 
C c °°(M n ), 

IIMn- S ]((l ~ 0 B2 P )(- A ) Z /)ll Z/ (?.°°)( Bp ) ^ ll( — A) T ' u llL 2 (R n ) H/II12 ( Rn .). 

Proof. By scaling we can assume that p = 1. With 9g := 9a 2 , G C£° (B 2 i+i\B 2 e-i) as in 
Definition 13.31 we have pointwise in M™ 


1 - 9b 2 = Y2 

1 =2 


Moreover for t G (0, 00 ) and p G [1, 00 ] we have 

II (—A) 2 ||x,p(]Et") A Ct, p 

Since u, v G C£°(M n ), we have then 

OO 

IMn- S ]((l - 0B 2 )(-A)t/)| < ^ \uI n -,M-A)?f) - I n - s { U 6fi-A)^f)\. 

t =2 


(35) 


Now set 

ui ■= 0 b 21+2 {u- (u)b 2 , +2 ). 

Since 9b 21+2 = 1 in B 2 e+ 2 D B\ U supp 6 ^, and the constant (u) b 2 , +2 commutes with I n - S , 
multiplying each term on the right-hand side of 113511 by 9b 21+2 and summing and subtracting 
the term 

Qb 2<1+1 (u)B 2 <, +1 In- s (0e(-A)4f), 

we find 

OO OO 

IK4- S ]((1 - 9 B2 )(-A)if)\ < 22 \u t I n -s(e t (-A)Tf)\ + 22 |/ n - a M*(-A)?/)| 

1=2 1=2 

OO 

= :^((I),+ (//),) in B x . 

1=2 
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Now, by Holder inequality and Lemma 13.71 


||« < / n _ i (^(-A)4/)|| L(9i00)(fli) -<: \\ut\\ L !k( B ^\\I n - s (9 e (-A)*f)\\ L oo( Bl ) 

-< IMIii( Bl ) 2 _ ^II/IIl 2 (k") 

Note that for any p < oo, 

f.— £— n 

||«.dlp,K” -<; C p 2 p [u]bmo 32 p ||(—A) 4 u|| 2 ,r". 

Taking p > j and 5 = ^ 

-3 ||^||p,Bi -3 2 W ||(-A)4tt|| 2jRn . 

Together, we arrive at 

\\U(.I n -s{0l{-k) 1 /)|[(2 i0O ),Bi -< 2^ (5_S) ||(-A)4u|| 2)Rn ||/|| 2 ,R", 
and for 5 < s, this ensures 

OO 

^2(1)e ||(—A) 4 ?/||2 ,m" ||/||2 ,R"- (36) 

e=2 

It remains to treat and we do that with Lemma 13.81 

\\I n -s(u£ ^(-A)4/)||(2 i oo),s 1 -<\\I n -s{ui Oe(-A) 4 /)||s Bi 

■< max ||(-A)t^|| 2 {2 i ) t -^~ s ||/|| 2 ,r~ 

te[o,f] 

Now for any t G [0, §], by the construction of U£ and Poincare and Sobolev-embeddings, 

||(-A)t^|| 2 -< (2^)f- t ||(-A)tn|| L2(K . ) . 

This leads to 

||J n _ s (u^(-A)4/)||(f, 0 o),.B 1 <2T sl ||(-A) 4u|| 2 ,r™ ||/||2,R"- 

Again, this ensures 

00 

y~l(AQl A ||(—A)4it|| 2iR n ||/|| 2 ,r«. (37) 

1=2 

□ 


Lemma 3.5. Let <p G Cf°(K) for some compact set K and let C M” be an open set containing 
K with dist(<9fl, K) > d for some d > 0. Then for any p G [1, 00 ] and s G (0, 00 ) we have 

||(-A)S ¥ >|| 2>(R n\ n) < C n , s , p d n ~^ p M lHk) , 

and for any s € (0, n) and p > we have 


— ( — —s) 

l^ ( 7 , llLP(R n \n) A Cn^s^pd p 
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Proof. Since convolution and multiplication are transformed into each other under Fourier trans¬ 
form and (| • | S ) A = c| • | _s_n , for x away from the support of p we have 

(-A)3^(x) = c n)S | • | -n-s * p(x). 

In particular 

|XR"\n(-A)5p| < (| • |-"- s x M >|) * p. 

Now the first claim follows by Young’s inequality: 

||XR n \fi(—^) 2 V J llLP(K rl ) R III ’ I U S X|.|>| ||lp(R") IMIl^R")- 

The proof of the second claim is very similar. □ 

Lemma 3.6. Consider two functions 61,62 £ C£°(R n ). Suppose that 6 \ and 62 have disjoint 
support, i.e. for some d > 0, 

dist(supp0i, supp 62 ) > d. (38) 

For s £ (0, n ) let the operator T be defined via 

Tf ■.= 6 1 I s {6 2 f), f£S(R n ). 

Then for any t > 0 the operator T(—A) 2 , originally defined on <S(R n ), extends to a linear 
bounded operator from L p (R n ) to L q (R n ) whenever 1 + ^ ^ £ [0,1], with the estimate 

||T(-A) 2 /|| i9 ( R „) < Ce 1 fi 2 ,p,q,t\\f\\LP{M. n ) 


Proof. First set 


k(x,y) := \x-y\ s n 6 1 (x) 6 2 {y). 


Notice that based on 6 \ and 62 and the disjoint support of the two functions fl38l) we can find 
03 £ C'^°(M n ), 03 = 0 in the ball B d / 2 so that 


k(x,y) = d 3 (x-y)\x-y\ s n 6 i(x) 6 2 {y) 


Note that 

0 3 (-)| • | s - n € C°°(R n ) 

In particular, k(-,y ) £ Cf°( R n ) for any y £ R n and k(x, •) £ C'?°(R n ) for any x £ R n . Morever, 
(-A)J k(x, •) € C c °°(R n ) for any x £ R n . Then for f £ 5(R n ) 

T(-A)^f(x)= f k(x,y)(-A)j}f(y)dy 

JR n 

= [ (~A)yk{x,y) f{y)dy, 

Js. n 

where we integrated by parts. 

Setting 

_ t_ 

k{x, y) := (-A )§k{x,y), 

and using that (—A) 2 p(y) decays like |y| _n_ * at infinity if p is compactly supported, we bound 
sup ||fe(x,-)l|L'-(R") < °°> sup IIM- ; y)ll^(]R") < OO 

aieR n y£ R n 
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for every r £ [l,oo]. Then, by a straightforward adaption of Young’s convolution inequality, if 

1 + \ = l + ? we § et 


||T(—A)2/|| L9 ( Rri ) < 


sup ||fc(x,-)||L'-(R») + SU P I|£(-.1 /)IIl'-(R") II/IIlp(R") 

YreR" yeR n / 


= c, 


G\,02,t,p,q 



)■ 


□ 


In some special cases we need to compute the constant in the Lemma above. 

Lemma 3.7. For any p £ [l,oo], q £ [l,oo), any p > 0, k > 2, s £ (0,n), we have the following 
estimate for any f £ 5(R n ), 

\\Is(0A 2kp (—- ^) 2 /)||lp(b p ) Y (2 k p) s t i pp \\f\\Li(«.”■)■ (39) 

Similarly, for any g £ 

t 1 a + n n 

ll( — (0A 2kp Isd)\\Lq'(Rrij -< (2 p) q p v ||ff||£p'(£ p )- 
Proof. The second estimate follows from the first one by duality. Indeed 

||(-A)5(0a 2k Is9)\\ L <i'mn) ■< sup / f(-A)?(0 A I a g)dx 

= sup / I s (d Ak (-A )%f)gdx 

/e5(R"),||/|| w(K n ) <liR" 

7 __j. _n IL 

Y ( 2 >) « pp ||ff|| L p' (Rn) , 

where we used integration by parts twice, cf. (f46l) . and ([39]) . 

The estimate f!39|) for p £ [1, oo) follows via Holder’s inequality from the case p = oo which 
we shall now prove. Up to scaling we can take p = 1 and then (1391) reduces to 

||/ s (^,(-A)h)llL-(B,) -< (2‘)*- t -7||/|| 1 .( H .), (40) 

For k = 2 (1401) follows from Lemma 13.61 

||^(6 , A4(-A)2/)|| L oc( B i) < C\ 11 y 11 L q (R 71 ), 

with C i depending on s, f, n, q and the chosen cut-off function 9b 1 (fixed in Definition 13.31) . The 
case k > 2 follows from the case k = 2 by scaling: 

l|4(^A 2fe+2 ( — A) 2 /)||loo( B i ) < \\I s (0A 2k+2 { — A) 2 /)||L°°(B 2i .) 

= (2‘)*-'||4,(^ 4 (-A)f/(2‘.))|| 1 „ (Bl) 

= Ci(2 fc ) s 4 9 ll/IU^K"). 


□ 


Considering above 0A 2k 9 instead of 0A 2k we also have the following: 
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Lemma 3.8. For any p > 0, p £ (1, oo) 


||/»(9,, 9 (-A)J/)||„ w -< max ||(-A)LlU» (I i» ) (2V)‘-* + "‘p' Wfhnm-), 

^IP, 2 -I 

for any f,g £ 5(R n ). 

Proof. By duality, the claim follows if we show for any <p £ C£°(B p ) 

||(-A)^(0A 2fc ^(/ s ^))|| L 2 (E n ) -< max \\(-A)^g\\ L 2 iRn) ( 2 k p) t -^ +s - m pr ||^|| L p' (R „ ) . (41) 

cG[0, 2 J 

By the definition of the three-term-commutator Hi i, Holder inequality for a small t > 0, and 
the related estimates, see Theorem El 

\\( — A) * (0A 2kp g(Is<p))\\L 2 (WL n ) II ( A) 4 S , llz, 2 (R n ) \\^A 2kp I S p\\L°°(R n ) 

+ L T^2i ( K n) II (-^) 4 ( 9 A 2kp IsP)\\ L f ^ 

+ ll-^f {di ®A 2kp {IsP))\\L 2 (R n ) 

^II( _ ^) 4 5'IIl 2 (R") \\ 9 A 2kp IsP\\L°°(m.™) 

+ (^n.) IK~ A ) 4 ^ A 2k p I s P)\\ L T(Wi) 

+ ||(— A ) 4 sllz,2(K«) ||(-A) 4 (0A 2kp I s F)\\L 2 (R n ) 

By the Sobolev inequality, 

IMI^^QRn) ^ H(- A )"5 ||l 2 (r-), 

and from Lemma 13.51 with supp ip <Z B p 

\\ 9 A 2kp IsP\\L™{R n ) -< ( 2k pY n ||¥»lli 1 (R») ^ ( 2k pY n p? r IMIlp'(R«)- 

The remaining terms can be estimated with Lemma 13.71 and (1411) follows. □ 

Let for t > 0 the three term commutator given as 

H t (a, b ) := (—A) 2 (ab) — b(— A) 2 a — a(—A) 2 &. 

A version similar to H was first was introduced in [9]. For subsequent similar results and 
extended arguments see also 0 SO], 0 Lemma A. 5], [TT] . 

Theorem 3.9. Given p £ (l,oo), t> 0, pi,P 2 £ (1, f] satisfying 

1 _ 1 1 t 

P Pi P 2 n 

it holds 

\\Ht(a,b)\\ LP ^n^ -< ||(—A)2a|| L Pi( R n) ||(—A) 26 || LP 2 (r"), for a, b £ S(R n ). 
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A Appendix 

A.l The Riesz transform and Riesz potential 

We define the Riesz potential of u for s € (0, n) and u £ 5(R n ) 

I s u := | • | s_?l * u, 


By the density of the Schwartz class S(R n ) in L p (R n ), the Riesz potential I s can be extended 

np 

to an operator mapping L p (R n ) into (R n ) whenever p, £ (l,oo). Up to a constant, 
the Riesz potential I s is the inverse of the fractional laplacian (—A) 2 , in the sense that for a 
constant c n ^ s £ R 

(-A)*/,/ = I a (—A)%f = Cn, s f V/ £ S{ R n ). 

The Riesz transform K = {K\,. . ., K n ) is defined as 

Ku(x) := [ —^-—|-j -u(y)dy, u £ <S(R n ), 

J r» F “ V I 

and by density can be extended to a continuous operator from L p (R n ) into itself: 


\\^u\\LP(un) < Cp, n||w||iP(Rr l ) for u £ L p (R n ). 
One crucial properties of the Riesz transform is the that 

n 

y. TZiTZi = c n Id, 


i—1 


and 


TZ(-A )2 f = CnVf, ueS(R n ). 
We also recall the following property: 


(42) 

(43) 

(44) 


Lemma A.l (“Integration by parts”). For any f £ L p (R n ), g £ L p '{ R n ), p £ [l,oo] so that 
TZf £ L p (R n ) ; Kg £ L p '{ R n ) it holds 

[ TZf gdx = — f fKgdx. (45) 

J R" J R" 

For any f £ L p (R n ), g £ L p '(R n ), p £ (l,cx)) so that (-A)§/ € L p (R n ), (-A)i g £ LP'(R n ) ; 

[ {~A)%fgdx = f f(-A)igdx. (46) 

il" 

Note that together (1451) and (1461) imply the usual integration by parts formula 


Vfgdx = c / K(—A)^fgdx = —c / fK(—A)2gdx = — / fVgdx. 
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A.2 Lorentz spaces and Sobolev inequality 

Definition A.2. For 1 < p < oo and 1 < q < oo, we define the Lorentz space L^ p,q \M. n ) as the 
space of measurable functions f for which 

ll/IU.):=P I/8 l|A|{l/l>A}| 1 /»||„ ( ^ ) <a, 

It is important to notice that Z/ p >p) = L p and L^ p,q ^ C 7/ p,r ) if r > q. 

Proposition A.3 (Sobolev inequality). Let 1 < p < ^ and 1 < r < oo. If f £ L^ p,q \W l ), then 
I a f £ (M n ) for q = n f p ap • Moreover, there exists C > such that 

II At/11 L(P’ r ') (M 71 ) — All/II^Cq.i-J^n). 

For p = 1, I a maps L 1 (M n ) into L( q ’°°\M. n ) for q = For p = I a is bounded from L^’ 1 ) 

into L°°( R n ). 

From [31 Corollary 6.16] we have 

/ n 1\ 

Proposition A.4. I a is a bounded linear operator from L log' L(M n ) to L y ™- a ' r> (M n ) whenever 
r <1, a € (0, n). 


A.3 Interior estimates 

The following are a few estimates which could be seen as L p -theory for the fractional Laplacian. 
Since we only need interior estimates, the proofs are long, but elementary - just relying on the 
definitions of Riesz potential, Riesz transform and fractional Laplacian. 

Lemma A.5. Let Ll C M n be open. Then for any h £ Hz (K n ) satisfying 

r 

/ (-A)?/i(-A)Tpdx = o V</? £ C c °°(L!), (47) 

J R n 

we have h £ Cj“ (14), and for any compact set K <e and any I £ No, a € (0,1] we have 

[V e h\ c < Cf jat K,n ll(-A) ^/?,|| L 2( R r l ). 

Proof. The smoothness h, i.e. h £ Cj°°(14), follows via an approximation argument from the a 
priori estimates below. Notice that (1471) can be rewritten as 


/ n —2 

/ Vh-V(-A) — <pdx = 0, V<^£C c °°(L!). 

Jr™ 

Fix now K CC K\ CC K 2 CC LI. For arbitary if £ Cf°(Ki) we have for k £ No, 

AV = {-A)^I n _ 2 A k if. 

Thus, taking a cutoff-function 77^2 G C“(I4), 77^2 = 1 on R 2 , 

A k if = (-A)^(r, Kl I n _ 2 A k if) + (-A)^((l - mi )I n _ 2 A k fi). 
Thus for any if £ C%°(Ki), using (l48l) with (p := 77^ 2 / n _ 2 A fc 7/), we get 

[ Vh-VA k ifdx = [ V/i-V(—A)^((l -rj K2 )I n _ 2 A k if)dx 
Jr™ Jr™ 

<||VL|| L r l ( R n)||V(-A)~((l - r] K2 )I n _ 2 A k if)\\ Ln >^ 
<||V/i||in( R »)||(—A) 2 ((1 — r] K2 )I n _ 2 A k if)\\ Ln i 
<Ck 1 ,k 2 II(- a ) t/i IIl 2 (k^) II^IIlrr")- 


(48) 
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The second-to-last step follows again from V = TZ(—A)i and because the Riesz transform 1Z is 
bounded on L n . In the last step we used that the support of l — r]K 2 and ip are disjoint to apply 
Lemma 13.61 and Sobolev inequality. Classical regularity theory of elliptic PDE ensures that h 
belongs to any Sobolev space W^{K\) for any i £ N, p £ (l,oo) together with the estimates 


\\h\\w e ’P(K) — (||(— A) 4 /i|| L 2( R n) + ||/i||l 2 (r«)) ~< 


/T7(R")> 


and 

\\Vh\\ wt+ i, P{K) < Ce, P ,K,n ||(—A ) 4 /i||i 2 ( R n) 

The latter implies via the Morrey-Sobolev imbedding that for any a £ (0,1), l £ No 

[V £ /r] c o,a(tf) < C e ^ K) n ||(-A) 4 L|| L 2( E n). 


□ 


Lemma A. 6 . Let be an open set o/M n . Then for any h £ H 2 (M n ) satisfying 
r r 

/ (—A) 4/1 (—A) tipdx = / fipdx Vi/; 6 C“( 0 ), 

Jr n J K n 


and for any t £ {0,1,..., n — 1}, a £ (0,1) we have on any compact K CC Q, 

\^ [ h]c°’ a (K) < ||(-A) 4/i|| L 2( M „) + C^K ||/Hl°°(£T)- 

Proof. The proof is very similar to the one of Lemma lA.51 Fix again K CC K\ CC K 2 CC fL 

77* — 1 

We use that the following equation (note that n — 1 is even and thus (—A) “a - is the classical 
(n — 1)-Laplacian), 


/ 

JR r 


1 ri — ± 1 

(—A) 2 LA 2 [pdx= / fipdx 


J 

Jw 


Mg, £ C c °°(fi). 


Elliptic theory implies (—A) 2 h £ W^ c 1 ,P (Q) for any p € (1, 00 ), with the estimate 

1 1 Ti 

||(-A)5/j|| W n-i >P (jf 2 ) -<: ||/||z,°°(r2) + IK ^ ^ 11 L n (R n ) -< II/IIl°°(q) + ||(-A) 4 L|| L 2( R n). (49) 

Here again we used that (—A ) 2 h € L n (W n ) by Sobolev embedding. With this in mind, we can 
write V/i in terms of the Riesz transform 1Z and (—A) 2 , 

VL = lZ(r] Kl (-A)5h) + 7£((1 - rj Kl )(—A)^h), (50) 


where we have a cutoff function t]k 1 £ C£°(K 2 ) and r/x 1 = 1 in K\. The first term on the 
right-hand side belongs to VE n_ 1 ,p (M n ) by (14911 and the boundedness of the Riesz transform, 
and we have 

1 Ti 

\\'^{ r lK 1 {— A) 2 ^)||iy™- 1 'P(R ri ) -C \\f\\oo + ||(—A) 4 L|| L 2 ( R n). 

The second term on the right-hand side of (15011 is smooth in K, by the disjoint support of xk 
and (1 — riKt)- Indeed, by Lemma [331 for any i > 0, 

||V ^((1 - r] Kl )(-A)2h)\\ L oo( K j -< Ck,k 1 ||(-A) 2 /j|| I/l(M n) -< Ck,k x ||(-A ) 4 h\\ L 2( Rn y 

Together, we have shown that for any 0 < £ < n — 1, p £ (1, 00 ), 

\m\w*,r ( K) ll/llL°°(fi) + II(— A) 4 L|| I/ 2 ( R n). 

Now the Sobolev-Morrey embedding gives the claim. □ 
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